SOME CONSTRUCTIONS FOR K-RECONSTRUCTION

W.L. Kocay

1. Introduction.

The purpose of this article is to exhibit some comstructions
associated with the idea of k-reconstruction, as described in [2], and
thereby to deduce some bounds for the function vR(k) defined in [2].

We also include a list of all known non-3-reconstructible unordered
triples of graphs.

We begin by stating the appropriate definitions. Undefined symbols
or terms may be found in [1] and/or [2].

DEFINITION: The deck , D[G], of a graph G 1is tﬁg multiset consisting
of the collection of vertex-deleted subgraphs of G. Each vertex-deleted

subgraph is called a card of G.
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be k graphs such that v(Gl) = V(Gz) =

Example:

1]

DEFINITION: Let Gl,Gz,...,Gk
vee = v(Gk). The shuffled k-deck, D[Gl,Gz,...,Gk], of the unordered
k-tuple of graphs [Gl’GZ""’Gk] is the multiset formed by shuffling
together the indiwvidual decks D[Gl], D[GZ]""’D[Gk]'

DEFINITION: An unordered k-tuple of graphs, [Gl’GZ""’Gk] is
k-reconstructible if there do not exist graphs Hl’HZ""’Hk such that

D[Gl’GZ""’Gk] = D[Hl,H Hk], but [Gl,Gz,...,Gk] # [Hl,Hz,...,Hk].
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If T is a class of graphs (e.g., trees, disconnected graphs, etc.)
such that all unordered k-tuples of graphs from T are k-reconstructible,
we say that I is k-reconstructible.

The following two theorems were proved in [2].

THEOREM 1. Let G, and G, be disconnected graphs such that viG,) =

v(Gg) 2 5 and w(GZ) + w(GZ) 2 6. Then {GJ’GZ] is 2-reconstructible.

THEOREM 2. The class of disconmected graphs with at least five
vertices is S-reconstructible if and only if the reconstruction

conjecture is true.

These two theorems suggest that perhaps all graphs with at least
five vertices are 2-reconstructible if the reconstruction conjecture is
true. 1Indeed, it was found (see [2]) that although there are several
non-2-reconstructible pairs of graphs on two, three and four vertices,
there are none on five or six vertices. It proved too difficult to
examine the 1044 graphs on seven vertices.

It was suggested in [2] that there exists a function VR(k) such
that all graphs with at least vR(k) vertices are k-reconstructible. In
particular, VR(l) = 3 corresponds to the reconstruction conjecture,
and vR(Z) = 5 is strongly suggested by [2]. We show below that
vR(k) 2 3 + 2 [log k], and we suspect that in fact, vR(k) =3 + 2 [log k],
where the upper brackets, [x], represent the least integer greater than
or equal to X. Here, and in the sequel, all logarithms are taken to base

two.
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Table 1.

2. Non-K-Reconstructible Families.

Let Hm n denote the graph on 2m vertices formed by taking the

H

disjoint union of n edges and 2(m-n) isolated points.

Example: .
H = +—
3,3 —

T _—
3,1+ .

THEOREM 3. Let m=> 1. Let k= 2" _1. Let G represent the unordered
k-tuple of graphs containing.

m ,
( 0) copies of Hm’ -

2 copies of B

2 ,m=-2°

m :
( Y copies of Hm,m_ pr

esey

) copies of H

(m
-~ 2[m/2] mym-2[m/2]°
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Let H represent the unordered k-tuple of graphs containing:

/;) copies of Hﬁ,m—]’

(g) copies of Hﬁ,m—S’

cvey

( ) copies of H

m
2[(m+1)/2]-1 m,m=-2[ (m+1)/2]+1"
Then DIG] = D[H], but G # H.
Proof': The proof is best illustrated by an example. Let m = 3. Then

the theorem states that

Dj r—e (] (Y . = D : :
—1y vy vy . b oy .5 :,' 3 .

COROLLARY 4, vR(k) 23+ 2 [Llog k].

Proof: The construction of Theorem 3 provides a non—Zm—l—reconstructible
. m—-1 m-1
set of graphs on 2m vertices. Thus vR(Z ) 2 2mHl. If k=2 >
this implies that vR(k) 2 3 + 2 [log k], where we have used the fact
that vR(k+l) > vR(k) (see [2]).
Now let Xm . denote the graph on 2m vertices formed by
3

choosing a complete m-graph, Km, and appending a vertex of degree one

to n of its vertices, and then adding m-n isolated points.

Example: »
%44 }Z(

4,2

~

THEOREM 5. Let m=> 1. Let k=2"". ILet ¢ represent the

unordered k-tuple of graphs containing:
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(’g) copites of X >

mym
m .
(2) copies of Xm,m—2 »
m ,
(2 [m/2]) copies of Xm,m-Z[m/Z]

Let H represent the unordered k-tuple of graphs containing:

m .
(1) copies of Xm,m—-l’

(’g) copies of Xm,m—s’

sesey

) copies of X

m
(o[ (m+1)/21-1 m,m=21 (me1) /2141°

Then DIG] = D[H], but G # H.

Proof': This construction is very similar to that of Theorem 3. If m = 3,

say, the theorem states that

IAAAA SAA AL

This is easily seen to be true.



-1
Note that like Theorem 3, Theorem 5 also constructs a non-—Zm -

reconstructible set of graphs on 2m vertices.
Referring to the preceeding construction, note that there are (:) graphs

with n isolated points. Since

m m
(m-n) () = (otl) (1)
we are assured that the shuffled k-decks D[G] and D[H] are indeed
equal. We may extend Theorem 5 by extending the above binomial identity

to a multinomial identity:

m m

(n,+1) ( ) = (n,+1) ( ) = () ™ ).
1 nl+l,n2,n3 2 nl,n2+l,n3 3 nl,nz,n3+l

This is done by replacing the complete graph Km used in forming Xm a
3
by a complete multipartite graph K where n.+n +... = m.
1’n2"" 1 72

Example: Replace K4 with K

-

PO = = =

Naturally, we need not have n

2,2

=n It is clear that these

l 2 = LRI .

multipartite families all produce non—Zm—l—reconstructible sets of

graphs on 2m vertices.

THEOREM 6. [Let D[Gl,Gg,...,le] = DIH ,H ,...,Hkl] and

DIG),Glye..,G! 1 = DIHL,H!,...,B' 1 be examples of non-k_-reconstructible
2 k 1’72 k2 1

2

and non—kz—reconstructible sets of graphs on v, and v, vertices,
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respectively. Then we may multiply these examples together to produce
the following non-2k1k2-reconstructible set of graphs on v+ v,
vertices. The plus sign used below indicates the operation of disjoint
union of graphs.

D[G +Gl,Gl+GZ',...,1 k.

' ’
GZ + Gl . 62 + GZ s eees Gy % >

2
L
G, +G!', G, +Gl, ..., G +G ,
kl 1 kl 2 kl k2
H1+ H',H +H2’, ., H +H72 »
2
g +H!',H +H ,...,H +H 1 =
kj 1 k1 2 kl k2
1 1 14
D[GI+H ,G +H2,...,Gl+Hk2,
S
G, +H',G,  +H!, ..., G +H |,
k1 1 k1 2 kl k2
1 1 ’
H+Gl,H1+G2,...,H1+Gk2,
]
H +G! , H £ Gy wews H + G 1]
kl 1 kz 2 kz k2

Proof: Each G. occurs once with each of G1 2,...,Gé on the LHS
2

and once with each of Hl, 2 ..,Hé on the RHS. Note that
2

D[G',G',...,G' ] = i Hé""’Hk ]J. Similarly each Gi occurs once
with each of G GZ’ ..,Gk on the LHS, and once with each of

1
Hl’HZ""’Hkl on the RHS. Note that D[Gl’GZ"" 1] = D[H H .. Hk 1.



Similar observations apply to Hi and Hi.

COROLLARY 7. vR(Zklkg) > vR(kl) + vR(kZ) - 1.

Proof: By multiplying a non—kl—reconstructible set of graphs on
vR(kl) - 1 vertices with a non—kz—reconstructible set on vR(kZ) -1

vertices, we obtain a non—Zklkz—reconstructible set on vR(kl)+vR(k2)—2

vertices. Thus vR(Zklkz) > vR(kl) + vR(kz) - 1.
COROLLARY 8. v (24%) > 2v,(k) - 1.
COROLLARY 9. vR(2k) 2 VR(k) + 2.

Proof: Set kl =k and k2 =1 in Corollary 7.
Note that by iterating Corollary 9 beginning with vR(l) =3, we
obtain Corollary 4, namely vR(k) 2 3 + 2 [log k]. We can improve this

a bit, as follows.
COROLLARY 10. vR(k) > max{7+6[ (log k/3)/log 61, 3+6[log k/log 6],
5+6[(Llog k/2)/log 61}.

Proof': The example
D[ A8 -0l 00
Q’ ’.—‘ ’ 3
demonstrates that vR(3) 2 7. Substituting this into Corollary 7 yields
vR(6k) > vR(k) + 6.
If we now iterate this, beginning with vR(3) 2 7, we obtain

\)R(B-Gn) > 6nt+7,

which holds for n > 0. We now apply Corollary 9 twice to obtain
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vR(6n+1) > 6nt9

vR(2-6n+l) > 6n+ll.

We now invert these three inequalities to obtain the stated result.

Note that in Theorem 3, if m =1 the construction gives D[Kz] =

D[2K1].

of Theorem 3 as powers of the equality DI[K

We may thus consider the non-reconstructible unordered k-tuples
2] = D[ZKl], where the

powers are formed through the multiplication of Theorem 6.

3. Computer Gemerated K-Tuples.

A complete list of known non-2-reconstructible unordered pairs of
graphs appears in [2]. In the following, we have used the computer to
find all non-3-reconstructible unordered triples of graphs on 2,3,4,5

and 6 vertices. The following points should be kept in mind.

1 A it D[Gl,GZ,G3] = D[H H3], then D[Gl’GZ’G3] = D[Hl’HZ’HS]’

1°Hpe
where the bar denotes the complement of a graph. Unless such an equality

is self-complementary, we do not include the complement. Self-complementary
examples are marked by an asterisk.

2) We do not include examples of the form D[G,G ’GZ] = D[G’Hl’HZ]’ as

1
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these all may be constructed from the non-2-reconstructible pairs

D[6,,6,] = D[H,,H,].

v =2,

oL,
ol L L].[O!
Ll LT

o L LD

]

D[iv’nn’-.]

D[

.
o—o’o—-’.._.,]

L1 BN S o B
ol P7,, L., 1
2]
o N
DL L]
S EER v
T A
ot K A LD
L IR Y

AL
LY R D

L7 O -

Sl SR
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Y-
D
2

Ql’@l = D[P ]
> A - A
ﬁ, A -0, B2, Y

bAoA >
b, Lb—1=0A, N A
ol LA A = oL P

DU (N1 = DL O ]
DLTE D D11 = 01N Y, A
VNP IR E N E RN
AL AL gl ot D B
ALY A =L D D
DAL A DD
DA ) -0 DR
DAL A - b
DI D= (Y1 =00 (% s L
N 2L I UN.

LT < A1 = D5 KD
o[>, L A1 = o> E1 >
D> s 1 = 20—, E1 P
D P, G 1 = DI D<s ]
D> A, (11 =2, 1. (Y
D, (7 < = 0 LAY )

w13 =



o= L, <>
Dl = D= . >
=, B 4P
2>, O, )
2> [ A
DIGS , [N, [N
DICT = [T
o[-, B ,&5
DL, AL
=, .45
ol BT,
ol B, L ,<3
P> H >
Bl Seapyrsces, 1T
DI S il
DIC > 1]
o[ O >, [T
DS b
DIpx], B L
D Ah
D[] NN L]
D[, [T, <&l
] P |

FTINNTE
R =AM ead
- D[é ; Q =y
DI O
DLCT T <2
DI<>, >u>—<]
tissN e Nay
=olY, 0N, 81
AL A
-nAL L E)
LA LR -]
N3
DL e >
= D=t e, [
ol LI, a5
o[ B >,
oA e
DL A LN <]
D[P LR )
DI P
= D[ P<TL.NNI
= DICIN <P >l
= -G Y ]

1]

]

]

]
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D[S 5 T
p>< < 5, 7]
s B <
DGR » T2
- H LRI
DK< )
DI » (2 5 N
DICZ> >,
DIS—, & » £
D[@ LD L BRI
D[ 1% s F{ Rz
LY LT e
D[ s>
Bl S 7 G N
DT
A, <
ol A Dol
DK > < N
i > <K,
D €3
D[, 12N ]
oM B i e
ol .1 <
[ Q SN oD

-l e
= D[}_._.,A,ZQ]
= DIRINP<" ]
= DI >
= D[g-H,P**_“,?:]
DU o]
o[ B <11
oL, [, H
=D, A A7
= N,
= o[ - <X, 1A
ot &L H T
D AR
LIS SERFON
ol H AT

]

= D[t:__,l ’>"'°"s>_:_.]

pr 1L B
DD pres [N
[ PR
D=2 INs >
DI AP ]
=y >
= DIl
= oib L, M N

]
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In order to construct the above examples of non-

[Ld P AN
DICS , AnAT]
PP NN
DI <
DI T ]
T [ LN
LN, . A
DLIN™ P,
DN <IN
DL G T
D[P KT
DR~ N1
DICT . <N, ]
DICT™ P> 1
DN, [ 1
D[P NN P
DI\ <P~ <LT]

=Dl L ]
= DA
=l 8 b, N
-0 N T )
= DK -, o, L1
= IpR.AT H
=N, .1
= DI, NN
=N &1
DI ST
= DN PO
= DIIT™, An, <]
= DIO> <A1
DT> A ]
PINT <
DN <1
= DTN

reconstructible

triples, a complete list of graphs with six or fewer vertices was

necessary.

The tables of graphs in [3] were used for this purpbse.
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