Lattices associated with Hamming graphs
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Abstract

Hamming graph H(n,k) has as vertex set all words of length n
with symbols taken from a set of k elements. Suppose L denotes the

set Uy Qu, with Qi ={ X el + e+ + ek | Lni =
i€l i€lg ielk

0(G # 3, Us_  Ii] = 1} for 0 < I < n and Qnyq = {i}. For
any two element z,y € L, define 2 < y if and only if y = 1 or
I7 C IV for 1 < j < k. Then L is a lattice, denoted by Lo. Reversing
the above partial order, we obtain the dual of Lo, denoted by Lg.
This article discusses their geometric properties, and computes their
characteristic polynomials.
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1 Introduction

Hamming graph H(n, k) has as vertex set all words of length n with
symbols taken from a set of k£ elements. We will take as our set of k elements
the set {a1,az, - ,ax}.

Let e/ be the vector with n coordinates that has a a; in position i
and O elsewhere. Then, each word in H(n,k) is simply a sum of some
el e? ..., ef (1 € Ijfor0 < 5 < k), with the only restrictions on I;’s that

1) 1?

IJ M I]/ :@ (] #j/), and U?:l I] = {1,2, S n}

For 0 <l <nweset Y ={Y e+ e+ +>e| Ln
i€l i€l i€l

L =00 # 7)), |U§=1 I;| = 1}. Given any =z € Q;, we represent v =
(If, 13, If) wherez = Y el + Y €2+ + Y ef, ITNIL =0(j #
iely i€l iely

j'Vand |UJF_, I7| = 1.

j=17]
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Notice that Qo := {(0,0,---,0)} and we add a dummy element 1 above
all other elements, defining Q,,4; := {1}, that is z < 1, Vz € Ui—o Su.

Suppose L denotes the set U?:ol Q;. For any two elements z,y € L,
deﬁneacgyifandonlyifyziorIfQI}’forOSjSk. Then L is a
finite poset, denoted by Lo. For any two elements z,y € L, define z < y if
and only if y = (0,--- 0) or I;-/ C I7 for 0 < j < k. Then L is a finite poset,
denoted by Lpg.

For any two elements z,y € Lo,

TANYy = (Ilm N 111;7153 n Ig? 711:: N Ilg),
vy = SIf' Uiy, Iz v, I U L), fIFuLn)nlInul) =00 #75),
1, otherwise.
Similarly, for any two elements z,y € Lg,
VY= ([1x N 1{17121 N 137 711:: N I;J),
Ay = EI'{” v rzulry,--- Igull), if (If UIJ’/)O(I;} UIJZ»’,):(Z)(]'#—j'),
1, otherwise.

Therefore, both Lo and Li are finite lattices.

Y. Huo, Y. Liu and Z. Wan ([3, 4, 5, 6, 7]) constructed lattices from
orbits of subspaces under finite classical groups. K. Wang and Y. Feng
constructed lattices from orbits of flats under affine groups. K. Wang and
Z. Li [11] constructed lattices from vector spaces over a finite field. In this
paper, we construct two families of lattices from Hamming graphs, compute
their characteristic polynomials and discuss their geometric properties.

2 Preliminaries

We recall some terminologies and definitions about finite posets and
lattices. For more theory about finite posets and lattices, we would like to
refer readers to [1, 9].

Let P be a poset with partial order <. As usual, we write a < b
whenever a < b and a # b. For any two elements a,b € P, we say b covers
a, denoted by a < -b, if a < b and there exists no any ¢ € P such that
a < c¢ < b. Let P be a finite poset with the minimum element, denoted by
0. By a rank function on P, we mean a function r from P to the set of
all the integers such that 7(0) = 0 and r(a) = r(b) — 1 whenever a <-b.
Observe the rank function of P is unique if it exists. Let P be a finite poset
with 0 and 1. The polynomial

X(P,z) =Y p(0,a)z" ()
a€P



is called the characteristic polynomial of P, where r is the rank function of
P.

A poset L is said to be a lattice if both a V b := sup{a,b} and a A b :=
inf{a, b} exist for any two elements a,b € L. Let L be a finite lattice with
0. By an atom of L, we mean an element of L covering 0. We say L is
atomic if any element in L\ {0} is a union of atoms. A finite atomic lattice
L is said to be a geometric lattice if L admits a rank function r satisfying

r(aAb)+r(aVbd) <r(a)+r(b),Va,be L.

3 The lattice Lo

The lattice Lo has the minimum element 0 = (0,0,---,0), and the
maximum element 1. The set of all the atoms of Lo is §2;.

Theorem 3.1 The lattice Lo has the following properties:

(i) Lo is a finite atomic lattice, that is every element of the lattice is a
join of atoms.

(i) Yu,w € Lo such that uvVw # 1 = r(uAw) +ruVw) =r(u) +r(w).

Proof. For any z € Lo, define

T(Z): n+1, ifz:i»
|I#| + |13 + -+ -+ |If|, otherwise .

Then T is the rank function of L.
(i) 1 = el Ve? and an element z # 1 of the lattice is of the form

2= e+ Y e+ -+ > e NI =00 #7),

icl? i€l iel?

SO z = (\/iejlz el) VVier; e2)\ - V(VieI; ek) is a join of atoms.
(ii) r(z) = {If| + |I] + - - - + |I}], so the formula is true because of the
inclusion-exclusion formula of sets.

Lemma 3.2 The Mobius function of Lo is

(-1)y"W-r@  fr<y#iorz=y=1,
wz,y) =< —(1 -k 7@ ifr<y=1,
0, otherwise.

49



Proof. The Mobius function of Lo is

(—=1)r@)-rz), fzr<y#lorz=y=1,

M(:C,y) = _'x<zz:<y /'L("L" Z)a fz<y=1,

0, otherwise.

We have R
2 w0,z)
Osz<t .
= —Zizok’C’;(—l)’
S 50
and

- Z ,u(:c,z)

O0#z<z<i
= =S @kC_ (-1)
(1 - k)n 'r(a:)

Hence the desired result follows. O
Theorem 3.3 The characteristic polynomial of Lo s
x(Lo,z) =—(1—-k)" +x(xz— k)"

Proof. By Lemma 3.2, we obtain

x(Lo, )
= Y p(0,y)znti-r®)
0<y<i
= pO, )+ ¥ p@y)zrti-r®
O<y<1

= _(1 ) _|_chn( )z n+1—i
= —(1- k)+x@—kw

as desired. O

4 The lattice Lg

) The lattice L has the minimum element 1, and the maximum element
0=(0,0,---,0). The set of all the atoms of Lg is §2,.

Theorem 4.1 The lattice Lr has the following properties:

(i) Lg is a finite atomic lattice, that is every element of the lattice is a
join of atoms.
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(i) Yu,w € Lp such that uVw # 0 = r(uAw) +r(uVw) = r(u) +r(w).

Proof. For any z € Lg, define

n + 17 ifZ — 0,
r(z) =9 n+1—(If|+ |5+ + |IF]), Othervxiise,
0, ifz =1,

Then r is the rank function of Lp.
(i) 0 = e} vV e? and an element z # 0 of the lattice is of the form

2= el + Y e+ o+ > el 4|+ + I =1,

i€l? €Iz €Iz
there are z,y € Q,,

v=D e+ Y e+t ) e T+ I =,

iely ielg iely
1 2 k
y=) el+ D e+t Y el I+ B+ o+ =n,
iely iery iely
with
— — Y
If:ITT n I?7I§_I2z N IQy? 7Ili_Ilf n Ik:)

then z = x V y is a join of atoms.
(ii) r(z) = n+1—(If|+ I5|+- - - +|If]), so the formula is true because
of the inclusion-exclusion formula of sets.

Lemma 4.2 The Mdébius function of Lr is

(-1)yr@-r@) itz <yorz=y=1,
wz,y) =< —(1—k)y®-1 ifi =z <y,
0, otherwise.

Proof. The Mobius function of Ly is

(-)r@=-rw) ifl 4z <yorz=y=1,

= - Z /’L(Z,y)a lfi:l'<y,
w(z,y) n Sy
0, otherwise.
We have
- Z H(Z, y)
i<z<y
T(Y)=1p4 v i
= —Ezi%) k C’r‘(y)—l(_l)
—(1 —k)r®-1,
Hence the desired result follows. O



Theorem 4.3 The characteristic polynomial of Ly is
x(Lr,x) = 2"t — (1 — k + kx)™.

Proof. By Lemma 4.2, we obtain

X(LRam)
= X a(dyerttr®
1<y<0
= p(l, Dzt + T udd,y)zt-r®)

i<y§6
— l.n+1 ___ Z k.szTzl(l _ k)n—ixi

1=

0
= z""l — (1 -k +ka)",

as desired. O
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